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Nonlinear quantum regime of the x-ray Compton laser
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In this work a scheme of x-ray coherent radiation generation in the nonlinear quantum regime by means of
mildly relativistic high density electron beams and a strong pump laser field is investigated. The consideration
is based on a self-consistent set of Maxwell and relativistic quantum kinetic equations. The coupled equations
are solved in the slowly varying envelope approximation.
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I. INTRODUCTION

The problem of creation of short-wave coherent radiat
sources in its general aspects reduces to the implement
of free electron lasers~FEL’s! @1#. The main advantage of
FEL lies in the fact that the emission frequencyv8 is con-
tinuously Doppler upshifted by several orders of magnitud~
v8;gL

2v, gL being the Lorentz factor! with respect to the
frequency of the pump fieldv. In particular, various scheme
of x-ray FEL’s have been considered based on the cohe
accumulation of ultrarelativistic electron beam radiation
the undulator and on Compton backscattering, channe
transition and diffraction radiation@2#. Among these versions
at present the undulator scheme@3# is being actively devel-
oped. Although the amplifying frequencies are still far fro
x-ray frequencies the main hopes for an efficient x-ray F
remain connected with the undulator scheme. For this p
pose two international projects TESLA and LCLS@4# are
currently being implemented. However, the other versio
mentioned such as Compton backscattering@5# may appear
more reasonable in practice for x-ray FEL’s due to eas
setup requirements; in particular, the use of electron be
of considerably lower energies.

In contrast with conventional laser devices in atomic s
tems, the FEL is usually reckoned as a classical device~ex-
hibiting also non-Poissonian photon statistics@6#!. But this is
not a universal property of FEL’s as in some cases quan
effects may play a significant role. In the quantum desc
tion @7# the small-signal gain of the FEL is usually repr
sented as a convolution integral of the electron beam
mentum distribution with the difference between t
probability distributions of emission and absorption per ph
ton. Since the electron recoils in opposite directions depe
ing on whether it emits or absorbs photons with the sa
wave vectork8 the resonant momenta of an electron f
emissionpe and absorptionpa are different. Hence, the prob
ability distributions of emission and absorption are cente
at pe and pa, and when these distributions are much n
rower than the spread of the electron beam distributi
f (p), the small-signal gain is proportional to the so call
‘‘population inversion’’ f (pe)2 f (pa). In the quasiclassica
limit when photon energy\v8 satisfies the condition
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\v8! max$D«g ,D«q ,D«L% ~1.1!

~D«g andD«q are the resonance widths due to energetic a
angular spreads, andD«L the resonance width caused by th
finite interaction length! the quantum expression for the ga
coincides with its classical counterpart, being antisymme
about the classical resonant momentumpc5(pe1pa)/2 and
proportional to the derivative of the momentum distributi
d f(p)/dp at pc . The result is that amplification takes plac
only if the initial momentum distribution is centered abo
pc as the electrons whose momenta are abovepc contribute
on average to the small-signal gain, and the electrons wh
momenta are belowpc contribute on average to the corre
sponding loss. This severely limits the FEL gain performan
at short wavelengths@1#. In the more conventional undulato
devices, to achieve the x-ray frequency domain one sho
increase the electron energies up to several GeV, whic
turn significantly reduces the small-signal gain (;gL

23). To
achieve the x-ray domain with moderate relativistic electr
beams~energy of electrons&50 MeV!, the frequency of
electron self-oscillation should be high enoug
;1014–1015 s21 ~in the undulator 1010 s21!. The latter can
be realized, e.g., in the Compton backscattering scheme
gested over 30 years ago@5#.

Another way to increase the efficiency of a FEL is
achieve the quantum regime of generation

\v8* max$D«g ,D«q ,D«L% ~1.2!

as in this case the absorption and emission line shapes
separated and the simultaneous absorption of a probe wa
excluded. From this point of view the scheme of an x-r
Compton laser has an advantage with respect to the con
tional undulator devices connected with the satisfaction
condition ~1.2! for the quantum regime of generation. T
achieve this condition for current FEL devices operating
undulators is problematic as it presumes severe restrict
on the beam spread@8#. So the scheme of an x-ray Compto
laser in the quantum regime of generation is preferable, s
it requires considerably lower energies of the electron be
and moderate restrictions on the beam spreads.

In this work, a scheme of x-ray coherent radiation gene
tion in the nonlinear quantum regime by means of a mild
relativistic high density electron beam and a strong pu
laser field is investigated. This makes it possible to achi
the quantum regime of generation at x-ray frequencies
©2002 The American Physical Society05-1



d
t

io
d

pl
on
o
ac
o
In
o
te
th
a
le
x

in
on
lifi
lly
a

on

n-
e

va
a

th

e

c-
y

-

ely.
c

ex

ith

il-

H. K. AVETISSIAN AND G. F. MKRTCHIAN PHYSICAL REVIEW E 65 046505
well, due to radiation of high harmonics of Doppler-shifte
pump frequencies in the strong laser field. The latter effec
already used in high power laser technology@9#. Therefore,
the consideration of nonlinear electron-laser interact
schemes in induced free-free transitions is realistic In ad
tion, concerning the further process of x-ray radiation am
fication it is necessary to realize a single-pass FEL, as l
as the construction of resonators in the x-ray domain is pr
lematic. In the linear regime this demands very long inter
tion, lengths. So the investigation of nonlinear regimes
x-ray radiation generation still remains a topical problem.
this work the main emphasis is on the nonlinear regime
generation. The consideration is based on a self-consis
set of Maxwell and quantum kinetic equations. Because
energy-momentum levels are not equidistant, the probe w
resonantly couples only two Volkov states, and the coup
equations are solved in the slowly varying envelope appro
mation.

This paper is organized as follows. In Sec. II we obta
the self-consistent set of equations arising from the sec
quantization formalism. The steady-state regimes of amp
cation for x-ray generation are considered in Sec. III. Fina
a discussion of the results obtained and the conclusions
given in Sec. IV.

II. SELF-CONSISTENT SET OF MAXWELL AND
RELATIVISTIC QUANTUM KINETIC EQUATIONS

As is known the Dirac equation allows an exact soluti
in the field of a plane electromagnetic~em! wave ~Volkov
solution! @10,11#. Although the Volkov states are not statio
ary, as there are no real transitions in the monochromatic
wave ~due to violation of energy and momentum conser
tion laws! the state of a particle in an em wave can be ch
acterized by the quasimomentumq and polarizations @10#
~the particle and antiparticle solutions are also separated!. We
will consider a given pump em wave that is described by
four-vector potential

Am5~0,A!, ~2.1!

where

A5~A0coskx,gA0sinkx,0!, ~2.2!

x5(ct,r ) is the four-component radius vector~c is the light
speed in vacuum!, and

k[S v

c
,kD ~2.3!

is the four-wave-vector. Here and in what follows for th
four-component vectors we have chosen the metrica[am

5(a0 ,a) andax is the relativistic scalar product

ax[amxm5a0x02a•x.

In Eq. ~2.2! g561 correspond to a circularly polarized ele
tromagnetic wave~cw!, while g50 corresponds to a linearl
polarized one~lw!. The particle stateuq,s& in the field~2.2!
can be presented in the form@11#
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uq,s&5F11
ek̂Â

2c~kp!
G us~p!

A2q0V
expF2

i

\ H qx

2
eA0

c~pk!
~pxsinkx2gpycoskx!

2
e2A0

2

8c2~pk!
~12g2!sin~2kx!J G . ~2.4!

Here we have introduced the notationâ5amgm , wheregm

5(g0 ,g) are Dirac matrices.q5(q0 /c,q) is the average
four-kinetic-momentum or ‘‘quasimomentum’’ of the elec
tron in the em wave~emw! field, which is defined via the
free electron four-momentump5(«0 /c,p) and the relativis-
tic invariant parameter of the wave intensityj by the follow-
ing equation:

q5p1k
m2c2

4k•p
~11g2!j2, j5

eA0

mc2
,

wherem ande are the particle mass and charge, respectiv
In Eq. ~2.4! us(p) is the bispinor amplitude of a free Dira
particle with polarizations, V is the volume of the period-
icity box ~in what follows we will putV51!, and it is as-
sumed that

ūu52mc3,

where ū5u†g0 ; u† denotes the transposition and compl
conjugation ofu. So the states~2.4! are normalized by the
condition

^q8,s8iq,s&5dq,q8ds,s8 ,

wheredmm8 is the Kronecker symbol.
We assume the probe emw to be linearly polarized w

the carrier frequencyv8 and four-vector potential

Aw5
e1

2
$Ae~ t,r !e2 ik8x1k•c%, ~2.5!

whereAe(t,r ) is a slowly varying envelope,k85(v8/c,k8)
is the four-wave-vector, ande1 is the unit polarization four-
vectore1k850.

Cast in the second quantization formalism, the Ham
tonian is

Ĥ5E Ĉ†Ĥ0Ĉdr1Ĥ int , ~2.6!

where Ĉ is the fermionic field operator,Ĥ0 is the one-
particle Hamiltonian in the plane EMW~2.1!, and the inter-
action Hamiltonian is

Ĥ int5
1

cE ĵ Awdr ~2.7!

with the current density operator
5-2
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ĵ 5eĈ†g0gĈ. ~2.8!

We pass to the furry representation and write the Heisenb
field operator of the electron in the form of an expansion
the quasistationary Volkov states~2.4!

Ĉ~x,t !5(
q,s

âq,s~ t !uq,s&, ~2.9!

where we have excluded the antiparticle operators, s
contributions of particle-antiparticle intermediate states w
lead only to small corrections to the processes conside
The creation and annihilation operatorsâq,s

† (t) and âq,s(t)
associated with positive energy solutions satisfy the antic
mutation rules at equal times

$âq,s
† ~ t !,âq8,s8~ t8!% t5t85dq,q8ds,s8 , ~2.10!

$âq,s
† ~ t !,âq8,s8

†
~ t8!% t5t85$âq,s~ t !,âq8,s8~ t8!% t5t850.

Taking into account Eqs.~2.9!, ~2.8!, ~2.7!, and~2.4!, the
second quantized interaction Hamiltonian can be expres
in the form

Ĥ int5
e

2c
Āe* (

s
(

q1 ,s3 ,s4

âq12\k81s\k,s4

† âq1 ,s3

3^q12\k81s\k,s4isiq1 ,s3&e
iD~q12\k81s\k,q1!t

1
e

2c
Āe(

s
(

q1 ,s3 ,s4

âq11\k81s\k,s4

†

3âq1 ,s3
^q11\k81s\k,s4isiq1 ,s3&

3e2 iD(q1 ,q11\k81s\k,)t. ~2.11!

Here

^q2 ,s2isiq1 ,s1&

5
ū~p2!

2Aq01q02
H S ê12

g2e2A0
2~ke1!k̂

2c2~p1k!~p2k!
D L0

2eA0S gxk̂ê1

2c~p1k!
1

ê1k̂gx

2c~p2k!
DL1

2eA0S gyk̂ê1

2c~p1k!
1

ê1k̂gy

2c~p2k!
DL18

1~g221!
e2A0

2~ke1!k̂

2c2~p1k!~p2k!
L2J u~p1!,

~2.12!

where we have introduced the following functions@10#:
04650
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$sinw,cosnw%exp$ i @a sin~w2w0!2b sin2w#%

5(
s

$L18~a,b,s!,Ln~a,b,s!%exp~ isw! ~2.13!

and the parameters are defined as follows:

a5
eA0

\c H S p1x

~p1k!
2

p2x

~p2k! D
2

1g2S p1y

~p1k!
2

p2y

~p2k! D
2J 1/2

, ~2.14!

b5~g221!
e2A0

2

8c2\
S 1

~p1k!
2

1

~p2k! D , ~2.15!

sinw05
eA0

a\c
gS p1y

~p1k!
2

p2y

~p2k! D , ~2.16!

and

D~q12\k81s\k,q1!5
«~q12\k81s\k!2«~q1!1\v8

\
~2.17!

is the resonance detuning.
We will use the Heisenberg representation, where the

erator evolutions are given by the following equation:

i\
]L̂

]t
5@ L̂,Ĥ#, ~2.18!

and the expectation values are determined by the initial d
sity matrix D̂

^L̂&5Sp~D̂L̂ !. ~2.19!

Equation ~2.18! should be supplemented by the Maxwe
equation forĀe which is reduced to

]Ae

]t
1

c2k8

v8

]Ae

]r
52 i

4pc

v8
^ ĵ e1&exp~ ik8x! , ~2.20!

where the overbar denotes averaging over time and sp
much larger than (1/v8,1/k8) and

^ ĵ e1&5Sp~e1 ĵ D̂ !, ~2.21!

e1 ĵ 5e(
s

(
q1 ,s1

(
q2 ,s2

âq2 ,s2

† âq1 ,s1
^q2 ,s2isiq1 ,s1&

3expF i

\
$~q12q21s\k!r1„«~q2!2«~q1!…t} #.

~2.22!

As we are interested in amplification of the wave with
certainv8,k8 we can keep only resonant terms in Eq.~2.22!
with q25q12\k81s\k. In principle, because of the elec
tron beam energy and angular spread different harmo
may contribute to the process considered, but in the quan
regime @see Eqs.~2.43! and ~2.44!# we can keep only one
harmonics5s0. For the resonant current amplitude we ha
the following expression:
5-3



o

a
in
an

ed
o

tri

ng

lace

he
pa-

H. K. AVETISSIAN AND G. F. MKRTCHIAN PHYSICAL REVIEW E 65 046505
2 i ~e1 ĵ !exp~2 ik8x!5(
q

P̂~q! , ~2.23!

where

P̂~q!52 ie (
s1 ,s2

âq2 ,s2

† âq,s1

3^q2 ,s2is0iq,s1&
iD(q2 ,q)t. ~2.24!

Here we have introduced the notation

q25q2\k81s0\k. ~2.25!

The physical meaning of Eq.~2.25! is obvious: It describes
the process where a particle with quasimomentumq is anni-
hilated and a particle is created in the state with quasim
mentum q2\k81s0\k. Taking into account Eqs.~2.11!,
~2.18!, and~2.10! for the operatorP̂(q), we obtain

]P̂~q!

]t
2 iD~q2 ,q1!P̂~q!

5
e2

2\c
Āe (

s1 ,s2 ,s3

$^q,s1i2s0iq2 ,s3&

3^q2 ,s2is0iq,s1&âq2 ,s2

† âq2 ,s3

2^q,s3i2s0iq,2 ,s2& ^q2 ,s2is0iq,s1&

3âq,s3

† âq,s1
%, ~2.26!

where we have kept only resonant terms. These terms
predominant in near-resonant emission/absorption, s
their detuning is much smaller than that of nonreson
terms, which are detuned from resonance byv
@uD(q2 ,q)u.

We will assume that the electron beam is nonpolariz
This means that the initial one-particle density matrix in m
mentum space is

rs1s2
~q1 ,q2,0!5^âq2 ,s2

† ~0!âq1 ,s1
~0!&

5r0~q1 ,q2!ds1 ,s2
. ~2.27!

Herer0(q,q) is connected to the classical momentum dis
bution functionn(q) by the formula

r0~q,q!5
~2p\!3

2
n~q!. ~2.28!

For the expectation value ofP̂(q) from Eq. ~2.26! we have

]P~q!

]t
2 iD~q2 ,q1!P~q!

5
e2M2

2\c
Āe@r~q2 ,q2 ,t !2r~q,q,t !#, ~2.29!
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r~q1 ,q1 ,t !5^âq1 ,s1
~ t !âq1 ,s1

~ t !&,

M25 (
s1 ,s2

^q,s1i2s0iq2 ,s2&^q2 ,s2is0iq,s1&.

TheM2 is reduced to the usual calculation of a trace@12,10#,
and in our notation we have

M25
2c4

q20q0
U~pe18!L01

eA0

c
~e1x8 L11ge1y8 L18!U2

,

~2.30!

where

e185e12k8S ke1

kk8
D ~2.31!

Here we have neglected terms of the order of (\v8/q0)2

!1 as for a FEL this condition is always satisfied. Taki
into account Eqs.~2.11!, ~2.18!, and~2.10! for r(q,q,t) and
r(q2 ,q2 ,t), we obtain

]r~q,q,t !

]t
5

1

4\c
~Ae* P1AeP* !, ~2.32!

]r~q2 ,q2 ,t !

]t
52

1

4\c
~Ae* P1AeP* !. ~2.33!

To take into account pulse propagation effects we can rep
the time derivatives by the following expression:

]

]t
→ ]

]t
1 v̄

]

]r
,

where v̄ is the mean velocity of the electron beam and t
convectional part of the derivative expresses the pulse pro
gation effects. Introducing the new variables

Dn5
~2p\!3

2
@r~q2 ,q2 ,t !2r~q,q,t !#, ~2.34!

1

~2p\!3
P~q!5J~q! ~2.35!

and replacing the summation in Eq.~2.20! by integration, the
self-consistent set of equations reads
5-4
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NONLINEAR QUANTUM REGIME OF X-RAY . . . PHYSICAL REVIEW E65 046505
]J~q!

]t
1 v̄

]J~q!

]r
2 iDJ~q!5

e2M2

4\c
Ae~x,z,t !Dn~q!,

]Dn~q!

]t
1 v̄

]Dn~q!

]r
52

1

\c
@Ae* J~q!1AeJ* ~q!#,

~2.36!
]Ae

]t
1

c2k8

v8

]Ae

]r
5

4pc

v8
E dqJ~q!.

These equations yield the conservation laws for the energ
the system and particle number:

]uAeu2

]t
1

c2k8

v8

]uAeu2

]r

52
4p\c2

v8
E dqS ]

]t
1 v̄

]

]r DDn~q!,

~2.37!

S ]

]t
1 v̄

]

]r D S Dn~q!21
8

e2M2UJ~q!U2D 50.

Note that from the set of equations~2.36! one can obtain a
small signal gain passing into perturbation theory which
the quasiclassical limit will coincide with the classical on

In the quantum regime the emission and absorption
characterized by the widths

De5svS 12
v
c

cosu1D2v8S 12
v
c

cosu D
2

e2A0
2v8

2«2@12~v/c!cosu1#
~12cosu0!

2
s\vv8

«
~12cosu0!, ~2.38!

Da5De1
2s\vv8

«
~12cosu0!, ~2.39!

whereu1 andu are the incident and scattering angles of t
pump and probe photons with respect to the electron b
direction of motion, andu0 is the angle of the pump an
probe photons.

The quantum regime assumes that

Da2De5
2s\vv8

«
~12cosu0!

.maxH U]De

]h i
dh i1

]2De

]h i
2 ~dh i !

2U , v

NJ ,

~2.40!

where byh i we denote the set of quantities characteriz
the electron beam and pump field and bydh i their spreads.
The second term in the curly brackets of Eq.~2.40! expresses
the resonance width caused by the finite interaction len
04650
of
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andN is the number of periods of the pump field. In partic
lar for the energetic (D«) and angular (Dq) spreads from
Eq. ~2.40! ~for u05u1.p, u!1! we will have

D«,\v8, ~2.41!

UuDq1
Dq2

2 U,4s0\v

«
. ~2.42!

The conditions for keeping only one harmonics5s0 in the
resonant current are

D«

«
!1/s0 , ~2.43!

UuDq1
Dq2

2 U, v

v8
. ~2.44!

As we see, for not very high harmonics the conditions~2.43!
and ~2.44! are weaker than the conditions in the quantu
regime Eqs.~2.41!, ~2.42!, or ~1.2! and are well enough sat
isfied for current accelerator beams.

III. STEADY-STATE REGIMES OF AMPLIFICATION

Our goal is to determine the conditions under which
will have nonlinear amplification. We assume steady-st
operation, i.e., dropping of all partial time derivatives in Eq
~2.36!. The considered setup is either a single-pass ampl
for which an injected input signal is necessary, or se
amplified coherent spontaneous emission, for which a mo
lated beam is necessary. We will also consider the cas
exact resonance neglecting detuning in Eqs.~2.36!, assuming
that the electron beam momentum distribution is centere
De50. To achieve maximal Doppler shift and optimal co
ditions of amplification we will assume counterpropagati
electron and pump photon beams~Z axis, u05u15p). In
this case the optimal condition for a LW pump isu50, while
for a CW pumpu;j/gL (u!1). For both cases we wil
assume that the envelope of the probe wave depends on
z. Then the set of equations~2.36! and conservation laws
~2.37! are reduced to

]J

]z
5

e2M2

4\cv̄z

AeDn,

]Dn

]z
52

2

\cv̄z

AeJ,

]Ae

]z
5

4p

v8
J, ~3.1!

D21
8

e2M2
uPu25N0

2 ,
5-5
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W5W01
\v8v̄z

2
~Dn02Dn!,

whereN0 is the beam density,W is the probe wave intensity
andW0 is the initial probe wave intensity. From Eq.~3.1! we
have the following expressions forJ andDn:

Dn5N0cosH euM u

21/2\cv̄z
E

0

z

Aedz1woJ ,

J5
euM u

23/2
N0sinH euM u

21/2\cv̄z
E

0

z

Aedz1woJ , ~3.2!

wherewo is determined by the boundary conditions. Den
ing

w5
euM u

21/2\cv̄z
E

0

z

Aedz1wo ~3.3!

we arrive at the nonlinear pendulum equation

d2w

dz2
5s2sinw, ~3.4!

where

s25
pe2M2N0

\v8cv̄z

~3.5!

is the main characteristic parameter of amplification:Lc
51/s is the characteristic length of amplification. For th
LW from Eqs. ~2.13!, ~2.14!, ~2.15!, ~2.16!, and ~2.30! we
have

sL5
jL1~0,b,s0!

2gL
2 Aa0

cl

s0v̄z

N0~11j2/2!. ~3.6!

Herel is the wavelength of the pump wave,a0 is the fine
structure constant, and the functionL1(0,b,s) is expressed
by the ordinary Bessel functions:

L1~0,b,s0!.
1

2 H J~s021! / 2 S s0j2

412j2D
2J~s011! / 2 S s0j2

412j2D J . ~3.7!

In this case only odd harmonics are possible. For the cw
have

sL5
j

2gL
2 S ugL

j
1

s0

a D Js0
~a!

3Aa0

cl

s0v̄z

N0~11j21u2gL
2! ~3.8!
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-

e

and the argument of the Bessel function is

a.
2s0jugL

11j21u2gL
2

. ~3.9!

We will consider two regimes of amplification that are dete
mined by the initial conditions. For the first regime the initi
macroscopic transition current of the electron beam is z
and it is necessary to have a seeding electromagnetic w
In this case the following boundary conditions are impos

Dnuz505N0 , Juz5050, Wuz505W0 . ~3.10!

The solution of Eq.~2.35! in this case reads

W~z!5W0 dn22S s

k
z;k D , ~3.11!

k5S 11
W0

N0\v8vz
D 21/2

, ~3.12!

wheredn(z,k) is the elliptic function of Jacobi andk is its
modulus.

As is knowndn(z,k) is a periodic function with the pe
riod 2K(k), whereK(k) is the complete elliptic integral o
first order. At the distances L5(2r 11)k K(k) /
s(r 50,1,2,. . . ) the wave intensity reaches its maxima
value, which equals

Wmax5W01N0\v8vz . ~3.13!

For the short interaction lengthz!Lc from Eq. ~2.35! we
have

W~z!5W0~11s2z2!

and the wave gain is rather small. To extract maximal ene
from the electron beam the interaction length should be
least of the order of half the spatial period of the wave e
velope variationkK(k)/s. At this condition the intensity
value Wmax5W01N\v8vz is achieved, because all electron
make a contribution to the radiation field. Taking into a
count that the seed power is much smaller thanWmax and that
when 12k!1

K~k!→ 1

2
lnF 16

12k2G ,

we have for the amplification length

L.Lc lnS 4
Wmax

W0
D . ~3.14!

Let us now consider the other regime of wave amplificat
when the electron beam is modulated and the ‘‘macrosco
transition current’’J differs from zero. This regime can op
erate without any initial seeding power (W050). So we will
consider the optimal case with the following initial cond
tions:
5-6
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TABLE I. Characteristic parameters for different setups of electron beam and linearly polarized
wave ~lw!.

s gL j I (kA) l(cm) \v8 (eV) \v8/« Lc(cm) Ls /Lc Wmax (W/cm2)

1 16 531023 0.1 531025 2539 3.131024 4.3 65 731010

1 30 1022 1 531025 8925 5.831024 2.36 29 2.431012

1 40 1022 1 531025 15 866 7.7631024 4.2 21 431012

1 120 331022 1 10.631024 6733 1024 2.7 59 1.831012

3 5 1 5 531025 496 231024 1.531023 9 1.331011

11 2 1.5 5 531025 205 231024 1.531023 10 5.631010

31 15 2.5 5 10.631024 791 1024 1.731022 10 1012

51 20 3.5 5 10.631024 1340 1.331024 1.331022 6.2 1.831012

61 10 4.5 5 531025 5437 1023 6.331023 0.3 731012

101 40 4.5 5 10.631024 6795 3.331024 631022 1 9.231012
s
al

o
rr
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and
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nt
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for
an-
Juz505J0 , Dnuz505Dn0 , Wuz5050. ~3.15!

Then the wave intensity is expressed by the formula

W~z!5
N0\v8vz

2 S 12
Dn0

N0
D F 1

dn2~sz;k!
21G

~3.16!

and the modulus is

k25
1

2 S 11
Dn0

N0
D . ~3.17!

As is seen from Eq.~3.16! in this case the intensity varie
periodically with the distance as well, with the maxim
value of the intensity

Wmax8 5
N0\v8vz

2 S 11
Dn0

N0
D . ~3.18!

The second regime is more interesting. It is the regime
generation without initial seeding power and has a supe
diant nature. For a short interaction lengthz!Lc according
to Eq. ~3.16!

W~z!5
N0\v8vzs

2z2

4 S 12
Dn0

N0
D . ~3.19!

The intensity scales asN0
2 (s2;N0) which means that we

have superradiation. The radiation intensity in this regi
reaches a significant value even atz!Lc .
04650
f
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IV. DISCUSSION

The coherent interaction time of electrons with probe
diation is confined by several relaxation processes. To
more precise, in the self-consistent set of equations~2.36! we
should add terms describing spontaneous transitions
other relaxation processes. Since we have not taken into
count the relaxation processes, this consideration is cor
only for distancesLactmin , wheretmin is the minimum of
all relaxation times. Due to spontaneous radiation electr
will lose energy;\v8 at distances

Ls.c
\v8

Ws
5

3

2p

s0l

a0~11j2/2!j2
,

whereWs is the power of the spontaneous radiation~for a lw;
for a cw one should replacej2→2 j2!. Although the cutoff
harmonic increases with increasingj (sc;j3), for high laser
intensitiesj.1 the role of spontaneous radiation becom
essential sinceLs;j24 and the above mentioned regime
will be interrupted. Therefore the solutions obtained are c
rect at distancesLdLs .

In Tables I and II we give the parameters for the differe
setups of beam and pump fields for lw’s as well as for cw
The beam radius has been chosen as 1023 cm. By I we
denote the beam current. As we see from these tables
high harmonicsLc decreases and simultaneously the qu
tum recoil \v8/« increases, butLs;Lc . The first regime
will effectively work as a single-pass amplifier ifLs
*10 Lc . In this regime, it follows from Eq.~3.14! that
pump
TABLE II. Characteristic parameters for different setups of electron beam and circularly polarized
wave ~cw!.

s gL j I (kA) l(cm) \v8 (eV) \v8/« Lc(cm) Ls /Lc Wmax (W/cm2)

3 5 0.7 5 531025 375 1.531024 1.431023 7.3 1011

50 20 2 5 10.631024 1039 1024 2.231022 4.6 1.431012

110 25 3 5 10.631024 1693 1.331024 1.731022 2.68 2.331012

220 20 3 5 10.631024 2166 2.131024 7.831022 1.2 331012

400 8 3.5 5 10.631024 470 1.131024 2.431022 3.87 6.431011
5-7
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Wmax.eL/LcW0/4.

As we see from Tables I and II the conditionLs /Lc*10 is
satisfied for the fundamental frequency as well as for
harmonics.

Concerning the conditions when the quantum regime
der consideration will operate, we can see from Tables I
II that for average energies of the electron beam«
;10–100 MEV we have\v8/«;531024 and the condi-
tions ~2.41! and ~2.42! demand the following energy sprea
and emittance for the electron beam:

D«

«
,531024, Dq,g21A\v8

«
;1023,

which are actually attainable in modern accelerators.
Finally, note that the above mentioned second regime m

be more promising as it allows considerable output inten
ties even for small interaction lengths@Eq. ~3.19!#. It is ex-
.

ic

ys

G.

04650
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pected that the effects of energy and angular spread will
be significant in this regime as it is governed by the init
current and only Doppler dephasing and spontaneous
time will interrupt the superradiation process. This proble
as well as the influence of spontaneous radiation on the g
eration process, will be the subject of further investigatio
Note only that the initial quantum modulation of the partic
beams at the above optical frequencies necessary for the
ond regime can be obtained through multiphoton transiti
in the laser field in the presence of a ‘‘third body.’’ Th
possibilities of quantum modulation at hard x-ray freque
cies in induced Compton, undulator, and Cherenkov p
cesses were studied in@13#.
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